Different types of Lifshitz transitions are governed by topology in momentum space. They involve the topological transitions with the change of topology of Fermi surfaces, Weyl and Dirac points, nodal ines, and also the transitions between the fully gapped states.
I. INTRODUCTION
Originally the Lifshitz transitions were related to the electron transitions at T = 0 in metals, at which the topology of the Fermi surface of the metal changes abruptly. Fig. 1 demonstrates an example, when during the continuous change of the parameter of the system -the chemical potential µ in Eq.(1)
the disruption of the Fermi surface occurs at µ = 0.
1 Such discontinuity at Lifshitz transitions gives rise to anomalies in the electron characteristics of metals. In the other electronic materials, such the topological semimetals, topological insulators and topological superconductors, different types of the Lifshitz transitions take place.
2 They involve the other types of zeroes in the energy spectrum in addition to or instead of the Fermi surface, such as flat bands, Weyl and Dirac point nodes, Dirac nodal lines, zeroes in the spectrum of edge states, Majorana modes, etc.
Let us start with the Lifshitz transitions, which involve the dispersional (flat) band, where all the states within some region of the 3D or 2D momenta have zero energy. The flat bands may emerge in bulk due to interaction between electrons 3-5 or on the surface of materials due to nontrivial topology of the electronic spectrum in bulk.
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II. FLAT BANDS NEAR THE CONVENTIONAL LIFSHITZ TRANSITION
We illustrate the formation of the flat band solution due to electron-electron interaction using the Landau energy functional in terms of the distribution function, E{n(p)}. and the quasiparticle energy p :
In general, since the quasiparticle distribution function is constrained by the Pauli principle, 0 ≤ n p ≤ 1, there are two classes of solutions of the variational problem. One class is p = 0, which in conventional metals determines the Fermi surfaces; and another one is δn p = 0, where either n p = 0 or n p = 1. The regions with n p = 0 and n p = 1 are separated by the Fermi surface. When the interaction between electrons is strong enough, one may expect the novel Lifshitz transition at which the solution p = 0 starts to spread from the Fermi surface to a finite region in momentum space, i.e. the Fermi surface trnsforms to the flat band. The flat band solution can be illustrated using simple functional describing the contact interaction of electrons:
It is argued that the flat band is more easily formed, when the non-perturbed spectrum (i.e. at U = 0) is close to the Lifshitz transition discussed in previous section. 11, 12 Here we consider the 2D case, when the non-interacting spectrum, The functional (3) has always a flat band solution with 0 < n p < 1:
For |µ| > U/2, there are two isolated flat bands. They merge at the Lifshitz transition, which takes place at µ = −U/2, and split again at µ = U/2, see Fig. 2 . In the more realistic situation, there should be also the topological transitions, Since the flat band has singular density of electronic states, one may expect the enhancement of the superconducting transition temperature in the materials with flat band. 3, 9 The reason for that is that instead of the exponentially suppressed gap formed in the material with the Fermi surface:
in the system with the flat band the gap is linearly proportional to the interaction strength g:
Here N F is the density of states in normal metal; d is the dimension of the metal; and V d is the volume of the flat band. It is remarkable that the 203 K superconductivity in H 3 S has been reported at high pressure 13 , where the Fermi surface is close to the van Hove singularity. 14, 15 This suggests that the enhancement of the transition temperature in H 3 S can be due to the flat band formed in the vicinity of the singularity. It is not excluded that the flat band is responsible for superconductivity in FeSe, 16 and for the traces of the high-T c superconductivity in graphite.
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In this section we considered the additional topological transitions, which emerge due to extension of the Fermi surface to the manifold of zeroes of higher dimension. The other new types of Lifshitz transitions takes place when the zeroes of the lower dimensionalities are involved, such as the topologically protected nodal lines and point nodes. Let us consider as an example the d-wave superconductivity in the system close to the conventional Lifshitz transition.
III. LIFSHITZ TRANSITION FROM GAPPED STATE TO STATE WITH WEYL POINTS
Let us consider two examples of the new types of Lifshitz transitions, which may occur in the p-wave and d-wave superconductors. The instructive model Hamiltonian for spinless fermions with the chiral p-wave order parameter is
where τ a are Pauli matrices in the Bogoliubov-Nambu particle-hole space. In the normal state, where the "speed of light" parameter c = 0, there is the conventional Lifshitz transition at µ = 0, with formation of the Fermi surface at µ > 0. In the superconducting state, at µ = 0 one has the new type of Lifshitz transition: it separates the massive Dirac state at µ < 0 and the state with two Weyl points at µ > 0, Fig.4 . The Weyl points are at p ± = (0, 0, ± √ 2mµ). They are topologically protected, since they correspond to the Berry phase monopole in momentum space.
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To illustrate the topological stability of the Weyl points, let us rewrite the 2 × 2 Hamiltonian (7) in the general form
where in our case the components of the vector m are
The Weyl points p ± = (0, 0, ± √ 2mµ) are singular points in momentum space -the centers of the hedgehogs in the vector field m(p), see the energy of quesiparticles at these points in momentum space should be zero. Close to zero energy the spectrum is similar to that of the massless relativistic Weyl fermions, this is the reason why these points are called the Weyl points. The topological invariant which protects the Weyl points from formation of the gap is the winding number of the mapping of the sphere S 2 around the singular point in p-space to the 2-sphere of the unit vectorm = m/|m|:
One can check that the topological charges of the two Weyl points are N 3 = ±1.
In relativistic physics, the Weyl point with N 3 = 1 describes the right-handed chiral particles (quarks and leptons) obeying the Hamiltonian H = cσ · p, i.e. m(p) = cp where c is the speed of light. The Hamiltonian H = −cσ · p, i.e. m(p) = −cp, describes the left-handed chiral particles which have the opposite topological charge, N 3 = −1. The discussed Lifshitz transition in relativistic system has been considered in Ref. 23 .
IV. LIFSHITZ TRANSITION BETWEEN DIRAC LINE AND WEYL POINTS
Another type of Lifshits transition takes place in case of d zx + id zy superconductivity, if it emerges in the vicinity of the saddle point Lifshitz transition in Fig. 1 . The model Hamiltonian for this case is:
In the normal state the conventional Lifshitz transition with the reconstruction of the Fermi surface occurs at µ = 0. In the superconducting state, the topological Lifshitz transition at µ = 0 separates the state with two Weyl points at µ < 0 from the state with the Dirac nodal line at µ > 0, Fig. 6 . The topologically protected Weyl points are at p ± = (0, 0, ± √ −2mµ), while the Dirac line is at p z = 0, p
The Dirac line is also topologically protected, though by different topological invariant. To see that let us consider one of the planes, which crosses the Dirac line, for example, the plane p y = 0. This plane contains two Dirac points -the singular points of the Namiltonian
The singular points are at (p x , p z ) = (± √ 2mµ, 0). The topological invariant for each of these two points can be written as the contour integral around the singular point:
For these two points one has N 2 = ±1, which supports the stability of the nodes. Since the choice of the plane is arbitrary, the topological stability is valid for any point on the Dirac line. The Dirac line is described by the invariant N 2 = 1 in Eq. (13), where the contour C is around the nodal line and instead of τ 2 matrix there is the proper combination of the τ 1 and τ 2 matrices. Similar transition has been discussed for the model of topological semimetal.
The Lifshitz transition at which 4 Dirac points with topological charges N2 = ±1 merge together and then split again. At the point of Lifshitz transition the Dirac spectrum with quadratic touchning is formed, which is characterized by topological charge N2 = +2.
V. LIFSHITZ TRANSITION THROUGH DIRAC CONICAL POINTS WITH QUADRATIC TOUCHING
Another type of Lifshitz transitions can be studied on example of the bilayer graphene described by the following 2D Hamiltonian:
At v = 0 the spectrum contains four Dirac points described by topological charge N 2 in Eq. (13), where the τ 2 matrix is substituted by the τ 3 matrix. One point with N 2 = −1 is at the center (which corresponds to the K-point of graphene), while three others with N 2 = +1 each are away from the K point. This is the so-called trigonal warping. The total topological charge of all four Dirac points is N 2 = +1 + 1 + 1 − 1 = +2. When the parameter v crosses zero, the spectrum is reflected. At the point of Lifshitz transition, i.e. at v = 0, the spectrum contains the point node with multiple topological charge N 2 = +2. It corresponds to the 2D Dirac fermions with quadratic touching, E ± = ±p 2 , see Sec. 12.4.3 in Ref. 22 , while in general the multiple topological charge |N 2 | > 1 gives rise to Dirac fermions with the higher order touching point, E 2 ∼ p 2|N2| . 8 The similar behavior of the spectrum takes place also in the 3D case, 22, 26 where the Weyl point with multiple topological charge |N 3 | > 1 has the spectrum E 2 = c 2 p 2 + γp 
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In the 3D materials the role of the parameter of the Lifshitz transition can be played by the p z component. Then one has the correspondence between the Lifshitz transition in the 2D materials discussed in this Section and the singular point in the spectrum of the 3D material. In case of Lifshitz transition in Fig. 7 , the corresponding singularity in the 3D spectrum is the so-called nexus in the Bernal graphite. The Bernal graphite can be considered as periodic stacking of the graphene bilayers. Then the parameter v becomes dependent on p z , and at some value of p z the function v(p z ) changes sign. This is the nexus point, where four Dirac nodal lines merge, 28-31 see Fig. 8 (note that due to extra matrix elements the Dirac lines are shifted from the zero energy levels and become situated inside the electron or hole pockets, but they remain to be the band contact lines, 28, 29 which are described by the properly determined topological charge N 2 = ±1, or in the other language by the Berry phase Φ = ±π). This is one of many examples, when the Lifshitz transition is equivalent to the topological defect in the higher dimensional momentum space.
VI. LIFSHITZ TRANSITION IN RASHBA MODEL AND PSEUDO-WEYL FERMIONS
This transition can be illustrated using the 3D Hamiltonian with Rashba spin-orbit interaction: Let us consider µ close to zero, i.e. |µ| mc 2 . For µ < 0, the Fermi surface near the point p = 0 has the form in Fig.  9 (left top). For µ > 0 the new Fermi pocket appears in Fig. 9 (left bottom) . It is connected with the original Fermi surface by two touching points at p z = ± √ 2mµ. The conical structure of the Fermi surface near each touching point is in Fig. 9 (inset) . The conical points are situated on the Dirac lines (band contact lines 30 ) and are characterized by the same topological invariant N 2 .
In principle one can characterize these conical points as pseudo-Weyl points. The Hamiltonian (15) can be rewritten in the more general form
and for the vector field m(p) one can write the invariant similar to that in Eq.(10) for the Weyl points:
The topological charges of the two pseudo-Weyl points are N 3 (pseudo) = ±1. At the Lifshitz transition, at µ = 0, the conical points merge, and the Fermi surface has singularity at p = 0 in the form p z = ± 2mc|p ⊥ | in Fig. 9 (right) . The connection between the conical Fermi surfaces and the Weyl points can be seen if we extend the Hamiltonian (15) to the imaginary values of momenta p x and p y and then multiply it by σ z :
The resulting Hamiltonian (18) is similar to that discussed in Sec.III, and for µ > 0 it contains the topologically protected Weyl points at p = (0, 0, ± √ 2mµ).
VII. LIFSHITZ TRANSITION WITH CHANGE OF THE SHAPE OF DIRAC LINE
As distinct from the Bernal graphite, in the rhombohedral graphite, the nodal line with N 2 = 1 has the shape of the spiral in Fig. 10 . 8, 9, 34 The peculiar Lifshitz transition in such system is related to the change of the shape of the Dirac line: this is the transtion at which the helicity of the Dirac line changes to the opposite. Exactly at the transition the projection of the nodal line to the p z = 0 plane shrinks to the line segment with zero area. Simultaneously, due to the bulk-boundary correspondence, the flat band on the surface of the system is transformed to the Fermi line. 
VIII. DIRAC LINE AT LIFSHITZ TRANSITION BETWEEN TYPE-I AND TYPE-II WEYL POINTS
Let us consider again the p-wave superfluid/superconductor, but now in the presence of the superflow with velocity v = vx along the x axis. The Hamiltonian (7) becomes the Doppler shifted:
For v < c the spectrum as before contains two Weyl points at p ± = (0, 0, ± √ 2mµ), which have opposite topological charges N 3 = ±1, see Fig. 11 points at v > c, which are the touching points of the Fermi surface pockets. Exactly at the Lifshitz transition, at v = c, there are two lines described by the invariant N 2 = 1.
The type-II Weyl fermions may appear in relativistic theories too, for example behind the black hole event horizon in Fig. 12 .
22,36 They also emerge if the relativistic Weyl fermions are not fundamental, but belong to the low energy sector of the fermionic quantum vacuum. 37 The Hamiltonian describing the Weyl fermions in the vicinity of the topologically protected Weyl point at p (0) has the general form
This expansion suggests that position p (0) of the Weyl point plays the role of the vector potential of the effective U (1) gauge field, while e 
For v > c the type-II Weyl point is formed. At Lifshitz transition, at v = c, there is the Dirac line on the p x -axis with the topological charge N 2 = 1. Correspondingly the black hole horizon can be simulated in Weyl semimetals by creation of the interface separating the regions with type-I and type-II Weyl or Dirac points. 38 In equilibrium such effective horizon is not radiating, but the process of equilibration by filling of the electronic states inside the "black hole" will be accompanied by Hawking radiation. The Hawking temperature in the Weyl semimetals can reach the room temperature, if the black hole region is sufficiently small, and thus the effective gravity at the horizon is large.
The 2D version of the tilted Dirac cone has been considered in Ref. 39 .
IX. LIFSHITZ TRANSITION AT WHICH FERMI SURFACE CHANGES ITS GLOBAL TOPOLOGICAL CHARGE N3
Let us consider the relativistic model dscribed by the Hamiltonian:
Here the speed of light c = 1; A is the chiral vector potential; µ is the chiral chemical potential; and M the mass. For M = 0 and A 2 > µ 2 one has two Weyl points with topological charges N 3 = ±1, surrounded by the Fermi surfaces in Fig. 13 (left) . It means that each Fermi surface has the global topological charge in Eq. (10) , where the This Lifshitz transition demonstrates the interplay of two topological invariants, the invariant N 1 , which is responsible for the local stability of the Fermi surface, and the invariant N 3 , which describes the global property of the Fermi surface.
X. LIFSHITZ TRANSITIONS BETWEEN GAPPED STATES
The parameter, which crosses the point of the Lifshitz transition, such as µ in figures 1, 4 and 6, or v in figures 7 and 11, provides the new dimension in addition to the momentum space parameters p. This leads to new topological invariants emerging in the extended parameter space, (p, µ), and as a result to numerous types of the topological Lifshitz transitions. The correspondence between the Lifshitz transition and the singularity in the spectrum in higher dimension has been considered in Sec. V on example of bilayer graphene and nexus point in Bernal graphite.
Here we consider another example of such correspondence -the Lifshitz transitions between the gapped states in insulators and in fully gapped superfluids/superconductors, which have the same symmetry but different values of some topological invariant. There are many types of the topological invariants for gapped systems, which also depend on the type of the symmetry. 40, 41 However, typically topological classification of the gapped topological states in the D-dimensional material can be obtained by dimensional reduction of the classification of the gapless topological states 42 in dimension D + 1. That is why the Lifshitz transition between the gapped states, which occurs via the gapless states, can be described as the topological node on the spectrum in the extended D + 1 space, which includes the D-dimensional momentum space and the 1D-space of the parameter of the transition, such as µ and v.
For D = 2 the instructive model Hamiltonian is
Eq.(23) describes spinless fermions in a thin film of the chiral p-wave superfluid/superconductor. It is the dimensional reduction of the 3D Hamiltonian in Eq.(7). The superfluid is topological for µ > 0 and topologically trivial for µ < 0. At the Lifshitz transtion, which occurs at µ = 0, the superfluid becomes gapless. In the 2+1 extended space (p x , p y , µ) the spectrum E(p x , p y , µ) has the point node at (p x , p y , µ) = (0, 0, 0). This node is analogous to the Weyl point in 3D and thus is topologically stable. It is described by the topological invariant N 3 in Eq. (10) , where the integral is over the surface in the extended 2 + 1 space around the node. The value of the integral is N 3 = 1.
On the other hand the integral around the node can be represented in terms of the integrals over the (p x , p y )-plane at fixed µ: N (µ) = 1 4π dp x dp ym · ∂m ∂p x × ∂m ∂p y .
The topological invariant N 3 = 1 describing the Lifshitz transition is equal to the difference between the topological invariants describing two fully gapped systems with opposite µ:
In a given case one has the topological insulator at µ > 0 with N (µ > 0) = 1 and the topologically trivial one at µ < 0 with N (µ < 0) = 0.
XI. LIFSHITZ TRANSITION WITH CROSSING ZERO OF GREEN'S FUNCTION
When the interaction between electrons is important, one should use the Green's function instead of the Hamiltonian. The consideration of the Green's function leads to new types of the Lifshitz transition. Let us consider for example the following Green's function, which may emerge in the interacting systems:
The point (ω = 0, p = 0) is the singular point of the Green's function, which is protected by N 3 topological invariant for the Weyl point, when it is written in terms of the Green's function. 22 At a > 0 the Weyl point has N 3 = +1, and at a < 0 it has N 3 = −1. Lifshits topological transition, at which chirality of the fermion changes to the opposite, takes place at a = 0 where the Green's function describes the non-chiral fermions:
At the point of transition the Green's function crosses zero value at ω = 0 for all momenta p = 0. The role of zeroes in the topology of Green's function is discussed in Refs.
2,43
XII. CONCLUSION
Topology provides many different types of Lifshitz transition. There exists the whole Zoo of topological invariants, which describe topology in real space, in momentum space and in combined phase space. All of them can be changed under modification of the parameters of the system, giving rise to exotic Lifshitz transitions. One should add the change of the geometry of the shape of the manifolds of zeroes and interconnection of the manifolds of different dimensions (point nodes, nodal lines, nodal surfaces and higher hypersurfaces in the phase space).
Let us also mention the Lifshitz transitions for fermions living in the core of topological defects. Vortices in conventional s-wave superconductor contain the Caroli-de Gennes-Matricon levels in Fig. 15 (left) . 44 Typically these vortices do not contain the gapless modes: there is a small gap of order ∆ 2 /E F ∆, the so-called minigap. However, if the effect of the Pauli magnetic field is strong enough few lowest energy levels may cross zero energy. In such Lifshitz transition the pairs of 1D Dirac points are formed in Fig. 15 (right) . 45 Contrary to the s-wave superconductors, vortices in superfluid 3 He-B contain a large number (on the order of E F /∆ ∼ 10 3 ) one-dimensional Fermi surfaces or Dirac points. 46 By changing the magnidude of applied magnetic field one has many Lifshitz transitions. Lifshitz transitions are ubiquitous. They take place not only condensed matter, but also in the relativistic vacua. In particular, confinement-deconfinement transition at zero temperature can be also considered as Lifshitz transition, at which the spectrum of quarks radically changes without symmetry breaking. 45 The vortex in s-wave superconductor is considered, with magnetic field strong enough to shift the energy levels. Some levels cross zero energy forming the 1D Fermi-surfaces. Opposite spins cross zero in opposite directions, as a result the 1D Fermi surfaces become the 1D Dirac points.
